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The sequence of primes can be defined by the sieve of Eratosthenes. One can think of variations in the definition of a sieve. The following problem was studied by means of actual calculation on an electronic computing machine (partly with the aim of trying to develop "coding procedures" which would obviate the need for large memories which at first appear necessary for problems of this sort).
Consider the sequence of all positive integers, 1, 2, 3, e,.
. We shall now strike out from this sequence every second term by counting from 1. The odd integers will be left. We shall now strike out every third integer in the remaining sequence, again starting to count from 1, but considering only the rema-ini.ng integers. We shall obtain a second sequence of integers.
The next step is to strike out every fourth integer counting only the remaining ones and we obtain another subsequence. We can continue this process Indefinitely.
It is obvious that infinitely many integers will remain after we have completed the process. This sieve is different from that of Eratosthenes since in striking out all multiples of successive integers we count off only among the remaining ones. It could perhaps be called a sieve of Josephus Flavius.-The result of this sieve is a sequence of integers of a density much smaller than that of the primes.
Another sieve could be the following: consider again the sequence of integers starting with 1. We shall strike out from it every second term.-Apart from 1, the first integer which remains is 3; now in the remaining sequence we shall strike off every term whose index is a multiple of 3. In the sequence which remains now and which consists of 1, 3, 7, 9, 13, 15, 19, ..., the first term which has not been used already is 7. We shall,therefore, strike off every term in this sequence whose index is a multiple of 7; that is to say, the 7th (which is 19),, 14th, 21st, etc., term in this sequence.
In the remaining sequence we shall look up the first term which has not been used (it is 9) and again strike off terms whose indices are multiples of it. We continue this process indefinitely; it is obvious again that infinitely many terms remain. They may be called the result of our sieve.
The aim of our exercise was to consider certain asymptotic properties of this latter sequence of numbers, let us call them for brevity "lucky numbers." All lucky numbers up to 48,000 were quickly computed on the machine and the following data about them were obtained.(For the first few see Table I.) 1) The number of lucky numbers between 1 and n seems to compare quite well with the number of primes from 1 to n. We append a short table of their frequencies (Table II) .
2) We noticed the number of luckies of the form 4n + 1 and of the form 4n + 3. This ratio seems to tend to 1 with a preponderance, at first, of the luckies of the form 4n + 3. More generally we looked at the number of luckies of the form, say, 5n + ax, a = 0, 1, ... 4, etc. It is obvious that there are no luckies of the form 3n + 2.
4) More generally we looked at gaps of a given length between successive luckies. It seems that as far as we went the number of gaps V(k) of a given length k corresponds to the number of gaps P(k) of the same length between successive primes. 5) Every even integer between 1 and 100,000 is a sum of two luckies.
6) There are 715 numbers which are simultaneously prime and lucky between 1 and 48,600.
More detailed tables exist on magnetic tapes.
The similarity between the behaviorof the lucky numbers and that of primes seems to be rather striking in the range of the integers which we have considered. Obviously it is rather difficult to prove general theorems. For example, the question of whether there are infinitely many primes among the luckies is certainly difficult to answer. The sieve defining the lucky numbers can be written down as follows: let us define a sequence of sequence of integers a(l) = n; a (2) = {a(l)} -{a 1}; a3 = {a(2)} {a2a} a( = {a l 1} -al ., v = 1, 2, 3 , . n n va (All our sequences on the left hand side consist of the sets as given by the right hand side in natural order.) The lucky numbers are simply ak). One could consider other variations of the sieve. It is proposed to make a few more experiments on numbers resulting from such sieves.* * Some years ago one of us (S.U.) has discussed sieves of this kind with P. Erdos, Professor D. H. Lehmer has mentioned that Erdos recently obtained some general results on a sieve of this sort. 
